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Abstract
We report calculations of a dc superheating field 𝐻𝑠ℎ in

superconductors with nanostructured surfaces. Particularly,
numerical simulations of the Ginzburg-Landau (GL) equa-
tions were performed for a superconductor with an inho-
mogeneous impurity concentration, a thin superconducting
layer on top of another superconductor, and S-I-S multi-
layers. The superheating field was calculated taking into
account the instability of the Meissner state with a nonzero
wavelength along the surface, which is essential for realis-
tic values of the GL parameter 𝜅. Simulations were done
for the materials parameters of Nb and Nb3Sn at different
values of 𝜅 and the mean free paths. We show that the im-
purity concentration profile at the surface and thicknesses of
S-I-S multilayers can be optimized to reach 𝐻𝑠ℎ exceeding
the bulk superheating fields of both Nb and Nb3Sn. For
example, a S-I-S structure with 90 nm thick Nb3Sn layer on
Nb can boost the superheating field up to ≈ 500 mT, while
protecting the SRF cavity from dendritic thermomagnetic
avalanches caused by local penetration of vortices.

INTRODUCTION
The superconducting radio-frequency (SRF) resonant cav-

ities are crucial components of particle accelerators enabling
high accelerating gradients with minimal power consump-
tion. The best Nb cavities can have high quality factors
𝑄 ∼ 1010 − 1011 and sustain accelerating fields up to
50 MV/m at 𝑇 = 1.5 − 2 K and 1.3 − 2 GHz [1, 2]. The
peak fields 𝐵0 ≃ 200 mT at the equatorial surface of Nb cav-
ities approach the thermodynamic critical field 𝐵𝑐 ≈ 200 mT
at which the screening rf current density flowing at the in-
ner cavity surface is close to the depairing current density
𝐽𝑐 ≃ 𝐵𝑐/𝜇0𝜆 - the maximum dc current density a supercon-
ductor can carry in the Meissner state [3], where 𝜆 is the
London penetration depth. Thus, the breakdown fields of
the best Nb cavities have nearly reached the dc superheat-
ing field 𝐵𝑠ℎ ≃ 𝐵𝑐 [4–7]. The Q factors can be increased
by materials treatments such as high temperature annealing
followed by low temperature baking which not only increase
𝑄(𝐵0) and the breakdown field but also reduce deterioration
of 𝑄 at high fields [8, 9]. High temperature treatments com-
bined with the infusion of nitrogen, titanium or oxygen can
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produce an anomalous increase of 𝑄(𝐵0) with 𝐵0 [10–13].
These advances raise the question about the fundamental
limit of the breakdown fields of SRF cavities and the extent
to which it can be pushed by surface nano-structuring and
impurity management [2, 14].

Several ways of increasing dc superheating field by sur-
face nanostructuring without detrimental reduction of the
field onset of dissipative penetration of vortices have been
proposed, including high-𝑇𝑐 superconducting multilayers
with thin dielectric layers [15–19] or a dirty overlayer with
a higher concentration of nonmagnetic impurities at the sur-
face [20]. Dc superheating field of such structures has been
evaluated using the London, Ginzburg-Landau and Usadel
equations in the limit of 𝜅 → ∞ in which the breakdown
of the Meissner state at 𝐻 = 𝐻𝑠ℎ occurs uniformly along
the planar surface. Yet it has been well established that the
breakdown of the Meissner state at 𝐻 = 𝐻𝑠ℎ occurs via a
periodic modulation of the order parameter with a wave-
length ∼ (𝜉3𝜆)1/4 along the surface [5, 6]. The effect of
such periodic instability on 𝐻𝑠ℎ can be particularly impor-
tant for Nb cavities with 𝜅 ∼ 1. Addressing the effect of 𝜅
(which in turn depends on the mean free path 𝑙) on 𝐻𝑠ℎ in
superconductors with a nanostructured surface is the goal
of this work.

We present results of numerical calculations of 𝐻𝑠ℎ for
different superconducting geometries in materials with finite
𝜅, and determine the optimal surface nanostructure that can
withstand the maximum magnetic field. In particular we con-
sider a bulk superconductor with a thin impurity diffusion
layer, a clean superconducting overlayer separated by an insu-
lating layer from the bulk (e.g., Nb3Sn-I-Nb3Sn), a thin dirty
superconducting layer on top of the same superconductor
(e.g., dirty Nb3Sn-I-clean Nb3Sn), and a thin high-𝑇𝑐 super-
conducting layer on top of a low-𝑇𝑐 superconductor (e.g.,
Nb3Sn-I-Nb). We calculate 𝐻𝑠ℎ and determine the optimal
layer thickness for each geometry by numerically solving
the Ginzburg-Landau (GL) equations using COMSOL [21].

GINZBURG-LANDAU THEORY AND
NUMERICAL CALCULATION OF 𝐇𝐬𝐡

We first consider a semi-infinite uniform superconductor
in a magnetic field 𝐻0 applied along the 𝑧 axis, parallel to the
planar surface. In this case the GL equations can be reduced
to two coupled partial differential equations for the amplitude
Δ(𝑥, 𝑦, 𝑡) of the complex order parameter 𝜓 = Δ𝑒𝑖𝜃 and the
z-component of the magnetic field 𝐻(𝑥, 𝑦, 𝑡). It is convenient
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to write these equations in the following dimensionless form:

̇𝑓 − 𝑓 + 𝑓 3 − ∇2𝑓 + 𝜅2

𝑓 3 [(𝜕𝑥ℎ)2 + (𝜕𝑦ℎ)2] = 0, (1)

∇ ⋅ (∇ℎ
𝑓 2 ) = ℎ

𝜅2 . (2)

Here 𝑓 = Δ/Δ0, Δ0(𝑇) is the equilibrium order parameter
in the bulk, ℎ = 𝐻/√2𝐻𝑐, all lengths are in units of the
coherence length 𝜉, and 𝜅 = 𝜆/𝜉 is the GL parameter. Note
that, despite the presence of the time derivative ̇𝑓 in Eqs. (1)
and (2), they are in fact quasi-static GL equations but not the
true time-dependent GL equations [22, 23] which describe
a nonequilibrium superconductor at 𝑇 ≈ 𝑇𝑐. Here ̇𝑓 was
added in order to detect the instability of the Merissner state
at 𝐻 +0 = 𝐻𝑠ℎ in numerical simulations upon slow ramping
the applied magnetic field 𝐻0(𝑡).

Equations (1) and (2) were solved numerically with the
following boundary conditions:

ℎ(0, 𝑦) = ℎ0(𝑡),
ℎ(𝑥, 0) = ℎ(𝑥, 𝐿𝑦), 𝑓 (𝑥, 0) = 𝑓 (𝑥, 𝐿𝑦),
𝑓 (𝐿𝑥, 𝑦) = 1, ℎ(𝐿𝑥, 𝑦) = 0,

(3)

where ℎ0 = 𝐻0/√2𝐻𝑐, the lengths 𝐿𝑥 and 𝐿𝑦 of the simula-
tion box 𝐿𝑥 × 𝐿𝑦 were chosen to be ∼ 104𝜉. Ramping the
magnetic field was implemented by ℎ0(𝑡) = 𝜃(𝑡 −𝑡0)(𝑚1𝑡0 +
𝑚2(𝑡 − 𝑡0)) + 𝑚1𝑡𝜃(𝑡0 − 𝑡), where 𝜃(𝑡) is the Heaviside step
function, 𝑚1 = 0.01, 𝑚2 = 0.00005 and 𝑡0 was chosen such
that 𝐻0(𝑡0) < 𝐻𝑠ℎ.

Shown in Figs. 1(a) - 1(b) are the order parameters 𝑓 (𝑥, 𝑦)
calculated at 𝜅 = 10 and the applied field 𝐻0 being slightly
below and above 𝐻𝑠ℎ. At 𝐻0 < 𝐻𝑠ℎ there is a gradual
reduction of 𝑓 (𝑥) by the screening current density at the
surface. At 𝐻0 > 𝐻𝑠ℎ the stationary distribution of 𝑓 (𝑥)
becomes unstable with respect to growing periodic mod-
ulations shown in Fig. 1(b). This instability occurs at a
finite wavelength 𝜆𝑐 = 2𝜋/𝑘𝑐, small disturbance of the
order parameter initially growing exponentially with time
𝛿𝑓 (𝑥, 𝑦, 𝑡) ∝ 𝛿𝑓 (𝑥)𝑒𝑖𝑘𝑐𝑦+Γ𝑡 with Γ > 0. When calculating
𝐻𝑠ℎ, the program was set to stop at |𝑓𝑚𝑎𝑥(0, 𝑦) − ̄𝑓 | ≈ 10−4,
where 𝑓𝑚𝑎𝑥(0, 𝑦) and ̄𝑓 are the maximum and averaged val-
ues of 𝑓 (𝑥, 𝑦) at the surface 𝑥 = 0. Here 𝜆𝑐 was obtained
from the maximum peak in the spatial Fourier transform
of 𝛿𝑓 (0, 𝑦) shown in Fig. 2. The instability is a precur-
sor of penetration of vortex structure with the initial period
𝜆𝑐 ∼ (𝜉3𝜆)1/4 smaller than the stationary vortex spacing
∼ √𝜆𝜉 at 𝐻0 ≃ 𝐻𝑠ℎ. Analytical approximation for 𝐻𝑠ℎ and
𝑘𝑐 at 𝜅 ≫ 1 are given by [5, 6]:

𝐻𝑠ℎ
𝐻𝑐

≈
√5
3 + 0.545

𝜅 , (4)

𝜆𝑘𝑐 ≈ 0.956𝜅3/4. (5)

IMPURITY DIFFUSION LAYER
Consider a dirty layer at the surface with an inhomoge-

neous impurity concentration as shown in Fig. 3. In our

Figure 1: Order parameter calculated at 𝜅 = 10, 𝐻0 =
𝐻𝑠ℎ − 0 (a) and 𝐻0 = 𝐻𝑠ℎ + 0 (b).

Figure 2: A snapshot of 𝛿𝑓 (𝑦) at 𝑥 = 0 and 𝐻0 = 𝐻𝑠ℎ + 0.

simulations such layer was modeled by a spatially varying
coherence length 𝜉2(𝑥)/𝜉2

∞ = 1 − 𝛼 exp(−𝑥/𝑙𝑑), where 𝜉∞

Figure 3: An impurity diffusion layer at the surface shown
by the dark gray contrast.
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is a bulk coherence length far away from the surface, 𝑙𝑑
is a thickness of the diffusion layer and 𝛼 < 1 quantifies
the reduction of 𝜉(0) = (1 − 𝛼)1/2𝜉∞ at the surface. The
resulting GL equations take the form

̇𝑓 = 𝑓 − 𝑓 3 + ∇ ⋅ (𝑆𝛾∇𝑓) − 𝜅2

𝑆𝛾𝑓 3 [(𝜕𝑥ℎ)2 + (𝜕𝑦ℎ)2] , (6)

∇ ⋅ (∇ℎ
𝑓 2 ) =

𝑆𝛾

𝜅2 ℎ + 1
𝑆𝛾𝑓 2 (𝜕𝑥𝑆𝛾 ⋅ 𝜕𝑥ℎ) , (7)

where 𝜅 = 𝜆∞/𝜉∞, 𝑆𝛾 = 𝜉2(𝑥)/𝜉2
∞ = 1 − 𝛼 exp(−𝑥/𝑙𝑑),

and the lengths are in units of 𝜉∞. The boundary conditions
are the same as in Eq. (3). Different impurity profiles were
investigated by changing 𝛼 and 𝑙𝑑 using 𝜅 = 2 and 𝜅 = 10
as representative values for clean and dirty Nb.

Figure 4: 𝐻𝑠ℎ vs 𝑙𝑑 for different 𝛼 at 𝜅 = 2.

Figure 5: 𝐻𝑠ℎ vs 𝑙𝑑 for different 𝛼 at 𝜅 = 10.

The calculated dependencies of 𝐻𝑠ℎ(𝑙𝑑) on the diffusion
layer thickness at different 𝛼 for 𝜅 = 2 and 𝜅 = 10 are shown
in Figs. 4 and 5, respectively. One can see that 𝐻𝑠ℎ(𝑙𝑑) first
increases with 𝑙𝑑, reaches a maximum and then decreases
with 𝑙𝑑 approaching a lower value of 𝐻𝑠ℎ at 𝑙𝑑 ≫ 𝜉∞. At
𝜅 = 2, 𝐻𝑠ℎ(𝑙𝑑) is maximum at 𝑙𝑑 = 0.8𝜉∞, 0.9𝜉∞, 1.5𝜉∞
for 𝛼 = 0.2, 0.5, 0.8, respectively. Likewise at 𝜅 = 10 𝐻𝑠ℎ
is maximum at 𝑙𝑑 = 4𝜉∞, 5𝜉∞, 10𝜉∞. Here the diffusion
layer can increase 𝐻𝑠ℎ by ≈ 9% at 𝜅 = 2 and by ≈ 14%
at 𝜅 = 10 as compared to a superconductor with an ideal
surface.

S-I-S STRUCTURES
We have considered three different S-I-S structures: an S

layer of thickness 𝑑 separated by an insulator from the S sub-
strate, a thin dirty S layer on top of a cleaner superconductor

(e.g., dirty Nb - I - clean Nb) and a thin high 𝑇𝑐 overlayer on
top of a low 𝑇𝑐 superconductor (e.g., Nb3Sn-I-Nb ). Here
the I-layer is assumed to be thick enough to fully suppress
the Josephson coupling between the S overlayer and the bulk.
The geometry is shown in Fig. 6.

Figure 6: S-I-S geometry. The black line represents and
insulating layer while gray and light gray ares represent bulk
superconductor and thin superconducting overlayer.

S Overlayer on Top of the Same S-substrate
The GL equations Eqs. (1) and (2) were solved in both

S-domains with the boundary conditions (Eq. (3)) supple-
mented by the conditions of continuity of ℎ(𝑑 + 0, 𝑦) =
ℎ(𝑑 − 0, 𝑦) and zero current 𝜕𝑦ℎ(𝑑 + 0) = 𝜕𝑦ℎ(𝑑 − 0) = 0
through the I layer.

Figure 7: 𝐻𝑠ℎ vs 𝑑 for the case of Nb3Sn-I-Nb3Sn,

Shown in Fig. 7 is 𝐻𝑠ℎ as a function of the thickness of
the S overlayer 𝑑 calculated at 𝜅 = 17 representing Nb3Sn.
Here 𝐻𝑠ℎ(𝑑) is reduced in a very thin S layer and gradually
increases with 𝑑 reaching the bulk value of 𝐻𝑠ℎ at 𝑑 > 9𝜉2,
where 𝜉2 is the coherence length in the S-substrate.

Dirty S Overlayer on S-substrate
Superconductivity in the bulk is described by the follow-

ing GL equations

̇𝑓2 = ∇2𝑓2 + 𝑓2 − 𝑓 3
2 −

𝜅2
2

𝑓 3
2

[(𝜕𝑥ℎ2)2 + (𝜕𝑦ℎ2)2] , (8)

∇ ⋅ (∇ℎ2
𝑓 2
2

) = ℎ2
𝜅2

2
, (9)

where the lengths and the order parameter are in units of
their respective bulk values of 𝜉2 and Δ2. In turn, the GL
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equations in the overlayer are:

̇𝑓1 = 𝑓1 − 𝑓 3
1 +

𝜉2
1

𝜉2
2

∇2𝑓1 −
𝜉2

1
𝜉2

2

𝜅2
1

𝑓 3
1

[(𝜕𝑥ℎ1)2 + (𝜕𝑦ℎ1)2] ,

(10)

∇ ⋅ (∇ℎ1
𝑓 2
1

) =
ℎ1𝜉2

2
𝜉2

1𝜅2
1

. (11)

Equations (8)-(11) were solved for a dirty Nb3Sn overlayer
on a cleaner Nb3Sn using 𝑙 = 2 nm, 𝜆 ≈ 𝜆0(𝜉0/𝑙)1/2 ≈
135 nm, 𝜉 ≈ (𝑙𝜉0)1/2 ≈ 3 nm, 𝜅1 = 45 in the overlayer and
𝜅2 = 17 in the bulk Nb3Sn.

Figure 8: 𝐻𝑠ℎ vs 𝑑 for a Nb3Sn(dirty)-I-Nb3Sn structure.

Shown in Fig. 8 is the calculated dependence of 𝐻𝑠ℎ on
the overlayer thickness which has a maximum at the opti-
mum thickness 𝑑𝑚 ≈ 9𝜉2. Such optimal dirty overlayer can
increase 𝐻𝑠ℎ by about 10% as compared to the bulk 𝐻𝑠ℎ.
The behavior of 𝐻𝑠ℎ(𝑑) at a finite 𝜅 turns out to be similar
to that was calculated from the London and GL theories
in the limit of 𝜅 → ∞ in which the enhancement of 𝐻𝑠ℎ at
𝑑 ≃ 𝑑𝑚 results from the counterflow induced by the substrate
in the overlayer with a larger 𝜆 [16, 19]. Here the cusp-like
dependence of 𝐻𝑠ℎ(𝑑) is controlled by the instability of the
Meissner state in the substrate at 𝑑 < 𝑑𝑚 and by the insta-
bility of the Meissner state in the overlayer at 𝑑 > 𝑑𝑚, the
overlayer partly screening the substrate and allowing it to
withstand external fields higher than the bulk 𝐻𝑠ℎ.

High-𝑇𝑐 Superconducting Overlayer
A high-𝑇𝑐 superconducting layer on top of a low-𝑇𝑐 sub-

strate is described by the following GL equations

̇𝑓1 = 𝜁𝑓1 − 𝑓 3
1 + 𝑠∇2𝑓1 − �̃�2

𝑓 3
1

[(𝜕𝑥ℎ1)2 + (𝜕𝑦ℎ1)2] , (12)

∇ ⋅ (∇ℎ1
𝑓 2
1

) =
𝜆2

2ℎ1

𝜆2
1𝜁𝜅2

2
, (13)

𝜁 = 1 − 𝑇/𝑇𝑐1
1 − 𝑇/𝑇𝑐2

, 𝑠 =
𝜉2

1
𝜉2

2
𝜁, �̃�2 =

𝜉2
1𝜆4

1
𝜉2

2𝜆4
2

𝜅2
2𝜁3,

(14)

where 𝑇𝑐1 and 𝑇𝑐2 are the critical temperatures of the over-
layer and the substrate, respectively. Equations (12)-(14)
are supplemented by Eqs. (1) and (2) in the S substrate, the
boundary conditions (3) and the conditions of field continu-
ity and zero current through the I layer.

Figure 9: 𝐻𝑠ℎ vs 𝑑 for the case of Nb3Sn-I-Nb.

We solved the GL equations for a Nb3Sn overlayer on a
bulk Nb using 𝜅2 = 50/22 [24] and 𝜅1 = 17. The calcu-
lated superheating field 𝐻𝑠ℎ(𝑑) shown in Fig. 9 has a maxi-
mum at 𝑑𝑚 ≈ 4𝜉2. Here 𝐻𝑠ℎ(𝑑) at 𝑑 < 𝑑𝑚 is limited by the
instability of the Meissner state in Nb partly screened by the
Nb3Sn overlayer, while 𝐻𝑠ℎ at 𝑑 > 𝑑𝑚 is determined by the
superheating field of Nb3Sn enhanced at 𝑑𝑚 ≈ 88 nm by the
counterflow caused by the Nb substrate. The instability wave
vectors 𝑘𝑐 in Nb and Nb3Sn are described reasonably well by
Eq. (5). Such Nb3Sn-I-Nb structure with 𝑑 ≳ 𝑑𝑚 can boost
the superheating field up to ∼ 2.2 times higher than the bulk
𝐻𝑠ℎ of Nb. Here the I layer blocks penetration of vortices
in the bulk Nb and does not let them develop into thermo-
magnetic avalanches triggering a global superconductivity
breakdown in the cavity.

CONCLUSION
In this work we have used the Ginzburg-Landau theory

to study the influence of impurity profiles and high-𝑇𝑐 su-
perconducting layers on the dc superheating field in S-S and
S-I-S structures. Unlike the previous calculations of 𝐻𝑠ℎ
done in the limit of 𝜅 → ∞, our numerical simulations cover
the entire range of 1 < 𝜅 < ∞ and account for the instability
𝐻 = 𝐻𝑠ℎ at a finite wave number 𝑘𝑐 particularly important for
Nb with 𝜅 ∼ 1. We show that there are optimum thicknesses
of the impurity diffusion layer and the superconducting over-
layer which maximize 𝐻𝑠ℎ. For instance, optimizing the
diffusion length can enhance 𝐻𝑠ℎ by ≃ 5 − 20% at 𝜅 = 10
and by ≃ 2 − 9% at 𝜅 = 2. An optimized dirty overlayer,
such as a Nb3Sn layer deposited on Nb3Sn, can enhance the
superheating field by ≃ 10% as compared to 𝐻𝑠ℎ of a clean
Nb3Sn. A S-I-S structure comprised of a Nb3Sn overlayer
on Nb can boost the superheating field by approximately
2.2 times as compared to 𝐻𝑠ℎ of Nb. A dynamic superheat-
ing field at 𝑇 ≈ 𝑇𝑐 at rf frequencies can be by a factor √2
larger [23] than the quasistatic 𝐻𝑠ℎ considered here. The
results of this work can contribute to the understanding and
optimization of SRF cavities to achieve higher accelerating
gradients.
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